Waveform inversion (WI), which has been extensively used in reflection seismology, could provide improved velocity models and event locations for microseismic surveys. Here we present an elastic, anisotropic WI algorithm for microseismic data designed to estimate the 3D velocity field along with the source locations. The gradient of the objective function with respect to the source and medium parameters is obtained using the adjoint-state method, with only two modeling simulations performed at each iteration. In the current implementation for VTI (transversely isotropic with a vertical symmetry axis) models, the source coordinates and velocity parameters are estimated sequentially at each stage of the inversion to minimize trade-offs and improve the convergence. Synthetic examples illustrate the performance of the algorithm for a 3D cloud of dislocation sources embedded in a layered VTI medium.
INTRODUCTION
Microseismic data have been widely used to monitor hydraulic fracturing in unconventional plays (e.g., Maxwell, 2014) . Accurate knowledge of the fracture geometry and evolution is essential in improving stimulation operations and reservoir models. In imaging hydraulic fractures by locating microseismic events, it is necessary to have an accurate velocity model, which typically has to be anisotropic. Source locations and velocity structure can be estimated simultaneously using anisotropic inversion of the direct-arrival traveltimes of P-waves and split S-waves (Grechka and Yaskevich, 2013, 2014) .
Waveform inversion (WI) can potentially produce even more accurate event locations and higher-resolution velocity models. A crucial factor in making WI feasible is computation of the gradient of the objective function using the adjoint-state method. Closed-form expressions for the derivatives of the objective function with respect to both the source and medium parameters can be obtained from the adjoint wavefield simulated by the back-projection of the data residuals computed for a trial model. Jarillo Michel and Tsvankin (2016) present a 2D WI algorithm for anisotropic velocity model-building from microseismic data and apply it to interval parameter estimation in layered VTI media. Here, we extend their methodology to 3D VTI models and develop a multistage inversion technique that combines velocity analysis of borehole microseismic data with event location.
WAVEFORM-INVERSION METHODOLOGY
The modeling and inversion algorithms operate with the elastic wave equation for a point source in a heterogeneous anisotropic medium:
where u(x, t) is the displacement field, t is time, c ijkl is the stiffness tensor (i, j, k, l = 1, 2, 3), ρ (x) is the density, M is the source moment tensor, x s is the source location, S(t) is the source time function, and δ(x − x s ) is the spatial δ-function; summation over repeated indices is implied. To solve equation 1, we employ finite-differences for 2D media and a pseudospectral modeling code (Sun et al., 2016) for 3D models. Pseudospectral methods reduce numerical dispersion and handle irregular grid geometries better than finite-difference techniques.
The data misfit is quantified by the 2-norm objective function commonly used in WI:
where d obs is the observed displacement and dpre(m) is the displacement simulated for the trial model m. The wavefield excited by each microseismic source is recorded by N receivers positioned at x rn (n = 1, 2, ..., N ); the function F also involves summation over all events.
The algorithm proposed here is designed to recover the source coordinates along with the VTI velocity model. We parameterize the medium by the P-wave horizontal velocity (V hor ), S-wave vertical velocity (VS0), anellipticity coefficient η, and Thomsen parameter . This parameterization was shown to reduce trade-offs in WI when waves travel mostly near the horizontal direction (Alkhalifah and Plessix, 2014; Kamath et al., 2016) . The gradient of the objective function with respect to the source and medium parameters is obtained using the adjoint-state method following the results of Kim et al. (2011) , Jarillo Michel and Tsvankin (2014 , 2015 , and Kamath et al. (2016) . The model is updated with the l −BFGS method (Byrd et al., 1995) , which approximates the inverse of the full Hessian matrix using the gradient of the objective function computed at previous iterations.
In the current implementation, the source and medium parameters are estimated in a sequential fashion, which helps mitigate parameter trade-offs and improves convergence. At each inversion stage, we iteratively update the source coordinates and then the velocity model (or vice versa). First, we apply sequential inversion to 3C data generated by a multiazimuth source array embedded in a horizontally layered VTI model (Figure 1 ). The origin times and source mechanisms of the recorded events are assumed to be known. Because the medium is laterally homogeneous and azimuthally anisotropic, this is a special case of 3D inversion that can be handled by the 2D algorithm after an appropriate receiver rotation. 3 ) are distorted by ±20 m, which might cause the inversion algorithm to get trapped in local minima, especially if the velocity field is inaccurate. For the chosen acquisition geometry, however, the initial velocity model (magenta lines in Figure 4 ) does not produce cycle skipping.
The azimuths of all events (assumed to be estimated from Pwave polarization) are used to rotate the horizontal displacements into the radial (in-plane) and transverse components, which are jointly inverted by the 2D WI algorithm. The inversion starts with iterative refinement of event locations using the initial velocity model. Then iterative inversion for the interval VTI parameters is performed with the updated source coordinates. This process, carried out five times (i.e., there are five inversion stages), produces improved estimates of the source coordinates (Figure 3 ) and velocity parameters (Figure 4 ). There are some distortions in the velocity field mainly close to the edges of the model due to sparse illumination, limited number of events, and the trade-off between the source coordinates and velocity parameters.
VELOCITY ANALYSIS FOR 3D VTI MEDIA
Next, we test the 3D version of the WI algorithm on the VTI model from Figure 5 . Although the medium is laterally homogeneous and could be handled by the 2D algorithm as in the previous example, here we do not assume that the type of model is known. The data are generated by a tight cloud of 10 dislocation-type microseismic sources, whose parameters are fixed at the actual values. Multicomponent receivers are placed in three vertical "boreholes." The initial model for all parameters is obtained by smoothing the actual fields in the vertical direction with an additional distortion in the middle layer. Due to the limited azimuthal source-receiver coverage, accurate velocity updates can be obtained primarily near the central part of the model. After 14 iterations, the algorithm was able to recontruct the parameters V hor , VS0, and η in the middle layer with acceptable accuracy (Figure 6 ). Improved estimation of , however, requires better ray coverage near the vertical, as discussed by Alkhalifah and Plessix (2014) . Despite some deviations, the reconstructed 3D fields of the velocity V hor and coefficient η generally reproduce the layered structure (Figure 7) . The overstated values of V hor and η near the source and receiver locations are due to the large magnitude of the inversion gradient in those areas. The accuracy of all inverted parameters decreases toward the edges of the model because of the reduced illumination.
CONCLUSIONS
We presented a 3D elastic waveform-inversion algorithm for VTI media that performs microseismic event location along with a refinement of the velocity model. To mitigate nonuniqueness, at each inversion stage the source coordinates and velocity parameters are estimated separately in a sequential fashion. The VTI model is described by the parameters V hor , VS0, η, and ; this parameterization was shown to be beneficial for minimizing trade-offs when waves travel predominantly near the horizontal plane.
The first test demonstrated the feasibility of estimating the source coordinates and velocity parameters of layer-cake VTI media using multicomponent data from a localized cloud of sources. Inversion for this model can be performed in 2D after rotating the recorded displacements into the radial and trans- verse components. Satisfactory results were obtained after five stages of WI, where each stage included iterative updating of the source coordinates followed by iterative velocity estimation. To test the 3D inversion, we simulated three-component microseismic data from 10 microseismic sources recorded in three vertical boreholes. The algorithm was able to recover the VTI parameters near the center of the model despite the suboptimal source-receiver aperture. More accurate results can be expected for a distributed source array that provides better model illumination. Ongoing work includes a 3D implementation of the sequential inversion for the source and medium parameters and an extension of the algorithm to azimuthally anisotropic models.
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